Abstract: A position and attitude tracking control law for autonomous underwater vehicles (AUVs) in 6 degrees of freedom (DOF) is derived. The 4-parameter unit quaternion (Euler parameters) is used in a singularity-free representation of attitude. Global convergence of the closed-loop system is proven. In addition several 3-parameter representations in terms of the Euler parameters are discussed with application to the same control law. These schemes contain singularities and only local convergence can therefore be proven. The proposed control scheme is simulated with Euler parameters and Euler angles.
Introduction
For rigid-bodies in 6 DOF the nonlinear dynamic equations of motion have a systematic structure which becomes apparent when applying vector notation. This is exploited in the control literature, particularly in the control of robot manipulators. A convergent nonlinear adaptive tracking control law exploiting the passivity properties of robot manipulators was derived in 19] . Later, application of this control law to 3 DOF spacecraft attitude control were made 7, 18] . This control scheme has also been extended in terms of the 6 DOF underwater vehicle equations of motion by using an Euler angle attitude representation 9]. For mobile systems in 6 DOF the dynamic equations of motion are usually separated into the translational and rotational motions. Position is speci ed by a three vector whereas various representations of attitude have been discussed in the literature. The most frequently applied representations are the Euler angle conventions, which all are minimal 3-parameter representations. The roll, pitch and yaw (RPY) convention dominates in the context of mobile vehicles. The popularity of the RPY-convention can probably be explained by their easily understood physical interpretation, and the fact that the Euler angles can be measured directly with a gimbled system of gyros. Two obvious disadvantages of the Euler angle attitude representations are: (1) they are 3-parameter representations and therefore they must contain singular points 20] and (2) applying Euler angles to parameterize rotation matrices R 2 SO(3) , that is Special Orthogonal group of order 3, implies numerous computations with trigonometric functions. For conventional AUVs, the attitude is primarly horizontal with some variation due to diving. However, limited attitude control has been identi ed as one de ciency in the ability to properly address the work site for underwater robotic systems 24]. We believe that the free-body rotation ability is desirable for future underwater applications. More recently, strap-down navigation systems have become popular because of reduced system size, weight, power consumption and cost compared to gimbled systems of gyros. Considering strapdown navigation systems, it cannot be claimed that Euler angles are better suited than other attitude representations in control applications. Euler parameters, or unit quaternions, have been used in di erent contexts of attitude control. Control of spacecraft, satellites, aircraft and helicopter are well known applications. More recently the use of Euler parameters has been reported in the robot literature. Attitude set-point regulation has been discussed in 15, 16, 17, 23] , whereas others have addressed the more general problem of tracking 2, 3, 5, 18, 21] . However, the translational motion has not been addressed in these papers. Euler parameter-based set-point regulation of an underwater vehicle in 6 DOF was discussed in 6]. For the 6 DOF underwater vehicle control problems there are signi cant couplings between the rotational and translational motion. For instance, hydrodynamic added mass will introduce additional couplings due to added inertia, and Coriolis and centrifugal forces and moments. In addition to this, hydrodynamic damping may be strongly coupled. In this paper the 6 DOF AUV model is written in terms of the Euler parameters to represent attitude, Section 2. In Section 3, a tracking controller is derived by applying the results in 19]. In fact, this control scheme can be viewed as an extension of the results presented in 9]. Applications to some 3-parameter attitude representations in terms of the Euler parameters is also included in Section 3. In Section 4 we present some simulation results. 
such that for an arbitrary vector b 2 R 3 we have a b S(a)b. SS (3) is the set of skewsymmetric matrices of order 3. The quaternion q can be interpreted as a complex number with being the real part and the complex part. Hence, the complex conjugate of q is de ned as:
Accordingly, the inverse rotation matrix can be written (3):
Successive rotations involves multiplication between two rotation matrices. It can be shown that:
where quaternion multiplication is de ned as: vectors of external applied forces and moments, respectively. To exploit the structure of the dynamic equations in the control design, we write (10) and (11) Notice that the term mS(v)v = 0 is added to make C RB ( ) skew-symmetrical. This term is only used in the convergence proof and is not necessary when implementing the control law.
Added Inertia
According to 12] the added mass derivatives for a completely submerged vehicle in an ideal uid are functions of body shape and the density of the uid. Moreover, wave frequency independence can be assumed under the assumption that the vehicle is operating below the wave a ected zone (depth 20 m). Variations of water density is considered negligible for control applications. The numerical values of added mass in a real uid are usually in good agreement with those obtained from ideal uid theory 22]. Hence, the added inertia matrix M A is assumed to be positive de nite and constant: M A = ? 2 6 6 6 6 6 6 4 Notice that the I-frame z-axis is taken to be positive downwards. The restoring forces and moments are collected in a vector g(q) 
Dynamic Equations of Motion in the B-Frame
The rigid-body dynamics and the added inertia, hydrodynamic damping and restoring forces and moments yields the total dynamic model in the B-frame: 
Dynamic Equations of Motion in the I-Frame
The dynamic equations of motion (21) Here, the 6 7 matrix J + is the generalized left inverse of J and the time derivative is denoted d=dt J + ] = _ J + . Substituting (26) and (27) into (21) 
From (17), (24) and (25) 
Main Results
Attitude control of underwater vehicles has traditionally been done in terms of the 3-parameter Euler angle representation. Consequently, global convergence cannot be obtained due to singularities which are introduced in all minimal representations of the 3D rotation group. We propose to use the Euler parameters (unit quaternion) for attitude representation of underwater vehicles in order to allow free-body rotations. The 6 DOF model properties derived in Section 2 are utilized in the design of a globally convergent tracking control law for underwater vehicles.
Unit Quaternion Feedback (4-Parameter Representation)
In this section a 6 DOF tracking controller for AUVs is presented. The proposed control law is based on the unit quaternions attitude representation of Section 2. Global convergence of the closed-loop system is guaranteed by using standard stability 
Notice that globally convergence of~ ! 0 is guaranteed also when K I = 0, that is the integral action can be removed in case of no unmodelled external disturbances. We de ne the B-frame virtual velocity reference r as:
The control law (43) can then be written in theB-frame as:
This result is similar to the locally convergent control law of 9], except that Euler parameters are used in a singularity-free representation of the attitude. Hence the control law (47) is globally convergent. An extension to adaptive control is straightforward if the dynamic model is linear in the unknown parameters which usually is the case for mechanical systems. There is a fundamental di erence between these three attitude representations and the RPY Euler angles representations. For the vector quaternion and the Rodrigues parameter representations, the x B -, y B -and z B -axes may point in any inertial direction except ?x I , ?y I and ?z I , respectively. These con gurations always gives singularities in the kinematic equations. In addition, for all other directions of the x B -, y B -and z B -axes there exist one singular con guration. Moreover, choosing a direction for the x B -axis for instance, there is one pair y B and z B such that the kinematic equations are singular. On the contrary, for the RPY parameters there are only two directions for the x B -axis which causes problems, namely x B = z I . The dissimilarity is explained from the de nitions of the parameters. In other words the Euler angles come from composite rotations, whereas the others may be derived from a single rotation.
